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The velocity fields in and around a deformed drop suspended in an arbitrary
(albeit Stokesian) unbounded flow field are solved. The usefulness of the solution
is demonstrated by solving the drag force and lateral migration of a drop sus-
pended in an unbounded Poiseuillian field.

It is demonstrated that, due to the deformation of the drop, there exists a radial
component of the settling velocity. The direction of the radial migration depends
primarily on the product Ugy (the Hadamard-Rybczynski terminal settling
velocity) by U, (the maximum Poiseuillian velocity). A positive product results
in a lateral migration away from the location of maximum velocity; the converse
also holds.

1. Introduction

The motion of deformable bubbles or droplets suspended in another fluid are
encountered frequently in such varied applications as boiling problems, fluidized
beds, direct contact heat exchangers, etc. Blood flow is one of the more complex
phenomena of medicine, the deformability of the white blood cells further
complicating analysis. A rapidly increasing number of publications in the field is
only one indication of the intense interest in biological systems containing blood.

The lateral migration of solid particles suspended in laminar flow is a well-
known phenomenon which has been tested experimentally, e.g. Goldsmith &
Mason (1962), Segré & Silberberg (1962); and treated analytically to some extent,
e.g. Repetti & Leonard (1966) and Saffman (1965). Brenner (1966) summarized
the then-existing experimental data and reviewed the theoretical attempts. In
addition, he stated that a non-neutrally buoyant drop may migrate to the axis or
wall of the tube, because of its deformation. This phenomenon will occur also in
the Stokes flow régime. Later, Cox & Brenner (1968) advanced a theory for the
lateral migration of solid particles in Poiseuille flow. That theory included the
effects of the flow, the solid boundaries and the inertia terms in the Navier—
Stokes equations. Due to the complexity of the formulae, no numerical computa-
tions were given and no comparison with the experimental data was made.

The motion of deformable bodies in a fluid is much more complex, since the
shape of the interface has to be solved simultaneously with the field equations.
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Bugliarello & Hsiao (1964) studied factors affecting the phenomenon of unequal
distribution of blood cells in the blood vessels. Their experiments were, however,
conducted with solid particles. Linegard & Whitmore (1968) stated that the com-
plex flow properties of blood are related directly to the deformability of the
leukocytes. There is other overwhelming evidence of the existence of defor-
mation of white blood cells in flowing blood, and there have been many attempts
to lump these effects in an overall property such as pseudo-plasticity. Chaffey &
Brenner (1967) investigated the low around a neutrally buoyant drop suspended
in a simple shear flow, while considering the effect of the drop’s deformation on
the flow field. Cox (1969) solved the time-dependent flow field in and around a
neutrally buoyant deformable drop submerged in an arbitrary unbounded flow.
He considered, however, only first-order effects of the deformation on the flow
field, and his unperturbed flow field is limited to a generalization of shear flows
(Couette flow, hyperbolic flow, ete.).

Hetsroni & Haber (1970) suggested a general solution of the flow fields in and
around a drop suspended in an arbitrary (but Stokesian) unbounded flow field.
That solution is based on an iterative procedure, i.e. the flow fields are solved first
for a spherical drop, and the geometry of the interface is then determined for the
perturbed flow field. In the second iteration, presented herein, the flow field in
and around the deformed drop is sought, etc.

Thus, the purpose of the present work is to provide the second iteration to our
previous solution, namely to present a method of solution for the flow fields in
and around a deformed dropt and to evaluate the drag force and the lateral migra-
tion of such a drop, in terms of the unperturbed velocity field.

First, we solve the general velocity fields in and around a deformed drop
suspended in an arbitrary (but Stokesian) unbounded flow field. The usefulness of
the solution is then demonstrated by solving the drag force and lateral migration
of a drop suspended in an unbounded Poiseuillian field.

2. Formulation of the problem
2.1, Statement of the problem

The problem considered herein is that of a single non-neutrally buoyant drop or
bubble suspended in an unbounded medium. The fluids involved are isothermal,
Newtonian and of constant physical properties. The flow around the drop is
creeping so that inertial terms may be neglected.

The co-ordinate system employed is spherical (r, 8, ¢}, with the origin coinciding
with the centre of mass of the drop. It is assumed that the radial component of the
terminal settling velocity is small, so that the co-ordinate system is inertial.
The co-ordinate system is depicted in figure 1.

The conservation equations exterior to the drop are

u,Viv =Vp,, (La)
V.v=0, (15)

1 The term drop is used here for brevity. The solution applies to bubbles as well.
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and for the flow field interior to the drop

4% = Vp,, (2a)
V.u =0, (2b)

where v and u are the velocity vectors exterior to the drop and interior to it,
respectively; p is the pressure, including the potential gravity field and the
subseripts e and s refer to the properties exterior to the drop and interior to it,
Tespectively.

¢0,
k

Y

Uy

R,

Ficure 1. The co-ordinate system used.

2.2. The boundary conditions

The boundary conditions to be employed, neglecting surface-active agents, are as
follows:

At the interface of the drop the following boundary conditions are specified:

vV=u, (3a)
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v, =u, =0, (30)

1
n(n)""r(n)+0‘(R R)t (30)

where 7,) and 7(,)are the normal vectors of the stress tensor exterior to the drop
and interior to it, respectively; t,, is a unit vector normal to the interface; o is the
surface tension ; and R; and R, are the principal radii of the interface.

The boundary conditions far from the drop are

v=v, at r=o0, (3d)

where v, is some arbitrary (but Stokesian) velocity distribution.

3. The solution
3.1. The first iteration

The first iteration, i.e. the flow fields in and around a spherical drop, was calculated
in our previous work (Hetsroni & Haber 1970). Also given there is the function
describing the deviation of the interface from sphericity, to a first-order approxi-
mation.

To sum up that solution briefly: the velocity and pressure fields exterior to the
drop are

-2
o = o)  __ PTE  ey,m
A% Vo + 2} {Vx(rx 0+ Vel 2n(2n—1),uer Vp'l)_1
nt1 N
4
fn(2n—1),uerp_"_1 , (49)
P = po+ ZOP‘EL-L (4b)
"

where the superscript (1) denotes the first iteration. The velocity and pressure
fields interior to the drop are

n+3

Q) — (1) (1) 2 (1)
u FI{VX(”‘ VS S @ o P
n (1)
S CEayonen i) D
(1)_ E p(l) (5b)

where ¥, ¢, pib, ¥4, oD 1, pd),_; are known solid spherical harmonics (of
the first iteration). These spherical harmonics depend directly on the unperturbed
velocity field v,, and on the physical properties. These solid spherical harmonics
and their coefficients are defined in appendix A.

Also resulting from the first iteration is the equation of the interface of the drop,

ie. r = a[1+£9(6, $)], (6a)

where £® is the function describing the deviation of the interface from sphericity,
viz.

©0.9) = 3 LS(0.9) (60)
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where S, are the surface harmonics, and the L,’s are small dimensionless para-

meters on which the second iteration is based, and which are defined in appendix
A:

1 1 ay
- {

(®+q9—2)q(q+ 1) (1+2) qo_ﬂe[(4q3+6q2+2q+3)/\+(4q3+6q2_4q_6)]

ALl (agp v 0+ 20— )2+ (42 + 62— 4], ()

where A = p;/u, and where o and 7 have dimensions of velocity and depend
solely on the unperturbed velocity distribution. Notice that the above derivation
was carried out for the case when both (a'u,/o) < 1 and (7 #,/o) < 1. For this
case our solution agrees with the presumably more general case treated by Cox
(1969). This restriction is however not serious.

3.2. Velocity fields of second iteration

The velocity and pressure fields interior to the drop and exterior to it are now
defined as follows:

u=uV4+u®=ud4 E Lyjug, (®)
a=2

po=p 49 =2+ L ©)

v =vD4v® =yl ZZqu(q), (10)
0=

p, = PP +p@ = p(1)+q§2 L, Doy (11)

where u®, p{?, v@, p{® are the second iterations of the velocity and pressure
fields interior to the drop and exterior to it, respectively. These fields were
expanded in series, in terms of the small dimensionless parameters L,, where
V() and U, are to be determined.

The notation of equations (8) to (11) is an abbreviation of a more detailed
notation, for example:

u® — >: Lyug = qz - ,?30 [Liyu(g,m)+ Lza(g, m)].

The equations of motion to be satisfied are obtained by substitution of (7)—(11)
into (1) and (2). Equating term by term and recalling that the L,,’s are independent
and that v, p{V, ete., satisfy (1), one finds that vy, u, also satisfy the Stokes
equations and the equation of continuity. The velocities v,y and u(, can be
described by the general solution of Lamb (1945), identical to (4a) and (5a).

The boundary conditions of (3) are not convenient for computation, and are
therefore transformed as follows:

[vl,-t, = [u),.t, =0, (12a,b)

V.[v], = V.[ul,, (12¢)
t,.Vx[v],=t,.Vx[ul, (124d)
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1 1
t, Vx[r,,=t,.Vx[tels+t, VX [a (E—+-E—) tn] , (12¢)
1 2

tn'Vx(tnx[n(n)]s)=tn'Vx(tnx[T(n)]s)+tn'Vx[ XO'(I; .;) n], 12f

1 1
tn‘[n(n)]s_tn'[‘t(n)]s = U(E"'E) H (129)

where & (,) and T,) are the normal stress vectors exterior to the drop and interior
to it, respectively; o is the surface tension; the subscript s denotes that the
parenthesized value is evaluated on the interface, and where the unit vector t,, is,
to a first-order approximation (cf. Cox 1969):

t, = t,— 3 L,VS,+0(L2), (13)
q
where V( ) is a dimensionless vectorial differential operator defined as
0 1 0
V=t,ptt = Y EE (14)

Substituting (8)—(11) into (12) one obtains the following boundary conditions for
the second iteration of the velocity fields interior to the drop and exterior to it
(appendix B):

from (B 5) vy = V. (S, v0*); (15a)
from (B 6) Vi — Uiy = 0; (15b)
8v(q), * [ 3’!14@),. _ 3L(1) _ 8u‘1)] *} .
from (B9) [r T] P =V.18, |7 | [ (15¢)
1) 1y
from (B13) r.Vx[v(q)——u(q)]*=r.Vx{S [ra;l—r—r%‘f(r——] }, (15d)

from (B16)
t V x [T‘(H(q)—‘t(r)(q)] = V‘S E (n2+n 2) "VX (S tr)

(1) (1)
+t"V x {VSq' [Tr(l)—-r(l)]*}—t,. Vx {Sq [" 37'5(’) ‘% ] ;,

o or

(15¢€)
where 7@ and t® are the stress tensors, based on v® and u®, respectively,
from (B19)

orfl) 31:‘1)
t.. Vx{t, x[me)— Tm@l*} = —t,. Vx {t, xS, |r [ = ] }

or or
+t,.V x {t, x [0 0%, VSQ}

n=2

+t,.V x {VSQ x [t,(a/a) (2 + % (n2+n— 2)LnS")]}.
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The solution is now continued by substituting (4¢) and (5 e) into the right-hand
side of (15). After somewhat lengthy computation the following is obtained
(appendix C):

) n+
s = 28 aprs), (16a)
n=1\l{=0orl
v guM\*¥] @
——r— | = an g,
v.[sq(r il 87') ] n§1 {);,b, A% (16d)
oVl gulh* ® n

vs,. EVx( ) (n2+n—2) (L,ola)+t,.V x [VS,. (10— 1)*]

_t,,vx[sq( anrﬁ} a"f};)] e 5 (xdenS), (16d)

A n=1 i

ol ol
_'tr'v X [t,x 8, ("'—8‘7 —7'7) ] +t,..v x [t, x (w(l)—ﬁl))*.VSq]

+t,.V x {VS x t, Z (L, ja) (n?+n—-2)8S, } (#e]a) T {Z ™8}, (16¢)
n=2 n=1 1

where the coefficients a% ™, b% 7, cp®, d@"and e¥ ™ are defined by (C13) and (C14)
(appendix C). These coefficients are merely functions of the ratio of viscosities A
and the known coefficients of the unperturbed velocity field «,, 8, and v,. Note
that in (15) we expressed the unknown velocity fields and combinations thereof
(on the left-hand sides) in terms of known quantities, on the right-hand sides
of the equations. In order to simplify further this presentation, new coefficients
ag, b2, ¢2 d? and & are now defined as follows:

dn(q)_ © (17)
3 aZitr=e for n =g,
i=1
but since
© n+gq g-1 © .
|2 ams)= S (Sardss 5 (T as,
n=1 \1i=0,1 n=0,1 \i=1 n=qg \i=1
. © n+gq )
one obtains > { > ab” Si} = X Gy Sn (18)
n=1 \i=0,1 n=1

The coefficients b,, ), &, ) @ (@) @1 &, () are defined in a similar manner. Thus,
substituting (4), (8)—(11) and (18) in (15), the following is obtained (see also
Hetsroni & Haber 1970):

0

pX

ot O] = E sy (o)

o na (n+1a n+1
by { 2(2n + 3) u; Pﬂ(q)'l' (Dn(q) 2(2n— 1),u- Ptn—l(q)'l' a (Dfn—l(q)} =0, (19b)
n=1 €
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o [_nntlla (n+1)(n+2) ., nnt+l)a
E (st et TR 0 g gt
n(n 1)

cI)n(q) §1 En @S (19¢)

@

ngl n(n + l) [xf'”’“‘l(‘I) _x:(Q)] = X ~'n,(q)Sn’ (lgd)

§1 n(n+ 1) [—A(n - I)X:(q)— (n + 2) an-—l(q)] = z_;ldn(q)sn, (196)

® (2rn{n+1)(n+2) (n+1)2(n—1)a
n§l Y DX\i— A P10

n2(n+2)ad

“(n— 1)(n+ 1)n®n<q)+m—z>n(q)

= z=:1 én(q)Sw (19f)

The unknown solid spherical harmonics Prig» Pr@) Xnigh Pon-1@) Pn-1(yand
X-n—1() are defined as follows:

Prnig) = An(q).uia-n_lrnsn(ﬁ’ ¢): Prag = A_n_l(q)‘uea""'r“"‘lsn(ﬁ, ¢)’
(Dn(q) = Bn(q)a_n+lrnsn(0’ ¢)’ q)—n—l(q) = B—n l(q)an—!-Zr—n—lS 0 ‘;b 5 (20)
Xnlg) = On(q)a—nrnsn(ﬁ’ ¢)’ X-n—1(g) = o —n— 1(41)””"'-*-1"‘-n_llS g, ¢

Again, one has to keep in mind that, in this presentation, 4,,,)S,(0, ¢) is actually
an abbreviation for 2» + 1 terms, that is,

AnSul08) = 5[4 008 (me) + A sin (mep)] Pn(cos 6). (21)

m=0

The coefficients
AZL(Q)’ B’IT;L(!I)’ Cfﬂn(q)’ AT—nn—l(q)! BT—nn—l(q): OT’IL—I(Q)a ete.

are unknown and have to be determined. Substituting (20) into (19) there are
obtained six equations with the six unknowns. These equations can be separated

into two groups of equations, viz.

. 11 1 [
— 1 0 0 In@)
2(2n+3) A p 1

. 1 "
0 e —1 @,

0 2(2n —1) B, ~ +<qi
n(n+1) n(n+1) =1
2(2n+3) n(n—1) 3en—1) —(+)(n+2) | (A i| | —bag
n3(n+2)A (rn+1)2(n—1) }
“ong3 e Dnntl) =gty AN @A) | Bae| | fa |

(22a)
_ gn(q)
1 1 Cri e
&nd = J . (22b)
n{g)

A(n—l) (n+2) O—n—l(q) _n(n+ 1)
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The solution of the above equations results in

2n+3

Aoy = TS Ty [en—

(2n2+ 1) dn(q)_ (2n+ 1) 5n(q)
—’2’\(/”’2_ l)dn(q)],
= -1 [e
"D = 3@ut+ 1) (1+A) M@

B (202 +4n + 3)d, ) — (20 +1)b,, ()

—2An(n + 2)@, 4,
2n—1

A = 2n+1)(n+1)(1+A

) {én(q)+ 2n(n+ 2)dn(q)

+A[2n+1)by )+ (2024 dn 4+ 3) ) | P2)

1 -
—n—1(g) = 2(2n+ 1) (n+ 1) (1 +A) {en(q)+ 2(
+ A[(2"'*' l)bn(q)+ (2n2+ l)dn(q)]}:

B

nZ— l)dn(q)

c _ Jn(q)+(n+2)6n(q)
nig) = n(n+1)[A(n—1)+(n+2)],

o _ dn@)—/\(n“l)an(q)
—-n—1(g) = n(n+ 1) [/\(n— 1)+ (n+2)].

Thus, the solutions of the second iteration of the velocity fields are completed,
with (4), (8)—(11), (20) and (23). These solutions are given in terms of the known
coefficients of the unperturbed velocity field far from the drop.

Note that the solution thus far has been kept quite general: it gives the velocity
fields inside and around a single deformed drop suspended in an unbounded
medium when the unperturbed velocity field far from the drop is arbitrary
(albeit Stokesian).

The general solution is now continued and the general drag force on a deformed
drop is evaluated. An example of the use of our solution for an unbounded para-
bolic flow is given in §3.4.

3.3. The drag force on a deformed drop

The drag force acting on a deformed drop is now evaluated. We avail ourselves of
the formula of Happel & Brenner (1965, p. 67) expressing the drag force in terms
of the solid spherical harmonic p_, and recall that this drag is independent of the

shape of the drop: Fj, = — 47V (rp_,).

For the flow field of the second iteration, namely the force acting on the drop
due to the velocity v® of the second iteration only, one obtains:

F2 =—d4r 3 L V(r*p_s)) (24)
qg=2
Substituting (20), (21} and (23) into (24) one obtains
F‘B) = — 47T/,Lea 22 Lq{A(lz(q)k-f- A.A.l_g(q)j +A1_2(q)i}, (25)
a=

where A%y, = e, + 3AB%, +3(2+3A)a%,} (m=0,1,1), (26)

1
6(1+A)
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which completes the formula for the general drag force acting on a single deformed
drop due to the velocity v only. Again, the force F is given in terms of the
coefficients @7, and é&ft;, which in turn depend on the physical properties of the
fluids and on the unperturbed velocity distribution far from the drop.

3.4. A drop suspended in an unbounded Poiseuillian flow field

To illustrate the usefulness of our general solution we shall now consider the
forces acting on a drop suspended in an unbounded constant Poiseuillian velocity
field.

This problem is solved as follows. First, the coefficients «,, £, and vy, of the
unperturbed velocity field are computed (appendix A); next, the coefficients

NG e 1 2 3
i ) 5 151-2 52-3A
¢ 2(1+A) 2 142 2 1+
. ) 1 31-2 — 15X
: 2(1+A) 21+A 2(1+ Q)
0 1 51—24 6—41X
2(14+4) 2144 2(1+4A)
s 5 1 351—2 5 16—792
121+ A 121+2 12 142
n, 1 1 0 0

TABLE 1

designated by the Hebrew letters, Aleph IX,,, Beth !a,, and Gimel 4, (I = 1,2, 3)
are caleulated by using (C2), (C5) and (C9); finally, the corresponding coefficients
e, g¢m, fE, nP™ and m¢ ™ are evaluated from (C14).

The coefficients of the first iteration, for the deviation from sphericity function,
are given in appendix A as

16+19/\,ue,6, o 10“1’\/‘*,3
8(1+A) o' BT RIA¥A) o

These coefficients were evaluated by Hetsroni & Haber (1970) for a Poiseuillian
flow as follows:

a\? 2A a\?
=30 (7). A= -VantsrgiOo(5) -

L =

(27)

28
- mewn(2), n-ul >
2 = 0R2’ 37 %0 RO s Y1 OR%’

where the terminal settling velocity of Hadamard-Rybezynski is defined in the
usual way, namely
Unn < Pi—Pe) 83 2(1+2)

mR se  B(2+3A)

The corresponding coefficients 'X,,, 'a,, and ¥,, can now be evaluated. This was
done, and the results are tabulated in table 1.
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The corresponding coefficients k7, g% %, &%, I¢* and m@? are calculated according
to (C14) and are summarized in table 2, where X denotes a coefficient which is not
relevant to the following calculation. Note that non-zero results for A%, g¢* and
e?* were obtained as coefficients of the surface harmonic cos ¢ P}(cos 6) only.

Substituting (27) and (28) with the values from tables 1 and 2 into (C13), one
obtains &}, and a}, and b}, for g = 2, 3. Using (25) and (26) the drag force of the
second iteration is obtained:

Uya b
FQ = Zz.(%‘em,”; %F[21(19/\+16)(3/\2+3/\+4)ﬂ10

+ (298523 + 197122 + 2194 + 2440)?],  (29)
where of and #9 are defined by (28).

ng+ o . @ ome
—r— —r— —r —M —
iNg - 2 3 2 3 2 3 2 3 2 3
1 2 0 2 0 0 0 -2 0 0 0
2 0 —Z2 0 — & X X 0 0 X X
3 -3z 0 - 0 X X 482 0 X X
TaBLE 2

It isimportant to realize that the second iteration for Poiseuillian flow resulted
in a drag force in the radial direction only.

In order to evaluate the radial migration of the droplet (the radial component
of the terminal settling velocity), we recall the functional relationship between
the radial velocity U, and the resulting drag force:

Fpy, = —2mp,aUy(2+30)/(1 4+ ). (30)
Equating (29) to (30), the radial velocity U, is obtained as follows:

U = 1
27 T 840(1+A)% (2 + 3A)
+ (2985/\3+ 1971A2 4+ 2194A + 2440)a8]+ O(n?),  (31)

(n) [21(19/\ +16) (3A2+ 31 +4) 89

where the Hebrew letter Mem defines a small dimensionless group as follows:

(n) = He UO/O"
Substituting (28) into (31) one obtains the radial component of the terminal
settling velocity of a deformed drop as follows:
U — (194+16) BA*+ 31 +4) (1) Ui b
7 40(2+43A) (1 +A)2 HE R, R,
(148514 4 42973 — 12482 24942 + 2440) (_a_)a _b_ 2
1050(2 + 302 (1 +/\)2 U \z) 7 +O@)

or U, = KU, ——+0(732) (32)
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(192416) BA*+32+4) \ Urn @
40(2+3A) (1 + A)2 U, B,

(1485A% + 42923 —~ 124872 4 2494 A + 2440) ) ( a )3

1050(2 + 3A)2 (1 + A)2 R,

Equation (32) completes the solution for the radial component of the terminal
settling velocity of a drop suspended in an unbounded Poiseuillian velocity field.

It is of interest to compute the trajectory of a drop (or bubble), when it is
initially placed at a plane Z = 0 at a distance Sy = by/R, from the point of
maximum velocity. This can be done by solving the relation

where K

i

(33)

I
mmﬂmem (34)
Bo
with B=f, at Z/R,=0,
where B =0b/R,

and where U, is the axial component of the terminal settling velocity. Since the
second iteration does not contribute any velocity in the z direction, U, is also the
terminal settling velocity of the first iteration as determined by Hetsroni & Haber

(1970), viz.
b\ 24 [a\?
0= U4~ () 55 () | @5
Substituting (32) and (35) into (34) we obtain
Z A1 [Ugr 20 (a\?
z = | - |ZHR y_ge__ 2~ (2
mw =[5 -r-sin(w) e (39)
where (K) is defined by (33). Solving and simplifying,
Z o [ UVur__2A 1)2] (ﬂ) B*— 53
E(K)_[H A _2+3/\(R0 In o I (37)

This completes the solution of the lateral migration of a drop initially placed at
a distance S, from the point of maximum velocity of an unbounded Poiseuillian
velocity field. The trajectories of drops for various cases are depicted in figure 2,
where f,=0-5, and where the expression [2A(a/Ry)2/(243A)}In(B/B,) was
neglected in comparison to the other terms. The trajectories were computed for
eight ratios of Uyg/Uj,.

It can be noted that the directions of the radial migration depend primarily on
the sign of the ratio (or product) of U, (the maximum unperturbed velocity) and
Ugg (the Hadamard-Rybezynskiterminalsettling velocity),since the second term
in (33) is small. The drop migrates away from the centreline (i.e. from b = 0) when
this ratio is positive, and towards the centreline when the ratio is negative.

In this work we took the positive z direction to point upwards. Thus, if a bubble
is placed at B, = 0-6 in a Poiseuillian flow field with positive U, Uyy is also
positive and the bubble will migrate away from the centreline of the Poiseuillian
velocity distribution, if p; < p,.
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Also shown in figure 2 is the trajectory of a neutrally buoyant drop (i.e.
Ugr = 0). For this particular case we have
U, =K, %:B ’

4 3_ 2 3
where K, = (1485A% + 42923 — 124812 + 24942 4 2440) ) ( a) .

1050(2 + 3A)2 (1 + A)2

14

12

ZJR,, x 10t

—10

~12

-14
FIcure 2. Trajectories of a drop initially located at f, = 0-5 for various Ugzy/U,.
deUglo = 0-01, a/Ry = 0-1, A = 0.

The trajectory is determined as before, viz.

20 152 ) o (£)-£55

Note that in this case the radial component of the terminal settling velocity
always takes a positive sign.
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4. Conclusions

A general second-order theory is presented for deformable particles suspended
in an unbounded medium when the flow field far from the particle is arbitrary
(albeit Stokesian).

As a special example, the motion of a deformable particle suspended in an
unbounded Poiseuillian flow field was solved. The following can be concluded from
this solution.

Due to the deformation of the drop, there exists a radial component of the
settling velocity. The direction of radial migration depends primarily on the sign
of the product Uyy, (the Hadamard-Rybezynski terminal settling velocity) by U,
(the maximum Poiseuillian velocity). A positive product results in a lateral migra-
tion away from the location of maximum velocity, while the inverse is true for a
negative product.

The direction of migration of neutrally buoyant particles is always away from
the centreline.

The authors are indebted to Professor H. Brenner for his helpful comments.
This work was supported by Grant 11-1196 from Stiftung Volkswagenwerk,
Hannover.

Appendix A. Recapitulation of the first iteration

The solid spherical harmonics of the first iteration (spherical droplet) were
solved by Hetsroni & Haber (1970) in terms of the following harmonics:

pg) = :u’*tAna—n_lrnSn(e’ ¢)’ pg)n—l = :l’(’e‘A-—'n,—lan’r—n_:l Sn(e’ ¢):
(Dg) = Bn s Sn(a’ ¢)1 (D(Bn—l = DLopa grizpmn-l Sn(e’ ¢)’ (A 1)
Xg:r.l) = Cn a—"re Sn(es ¢)’ x(—l?n—l = C—n—l qrtly—n-l Sn(aa ¢);

where n = 1 to co and where the coefficients were defined as follows:

m_ 2n—1)(2n+3)[2n+3
A =11 [2n—1“"+ﬁ"]’
m___ A%
By = T 2(2r+3)°
om — m 2n+1
n = D[A(n~-1)+n+2]’ (A2)
on—1
Am =~ ﬁfﬁ) (2p1 + Alam™(2n + 3) + (20 + 1)]}
1
B", = m{zaﬁ—/\[aﬁ(-‘ln + 1)+ Ar(2n - 1)1},
on - Yan=1)(1-2)
1T e+ 1) [A(n—1)+n+2]
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The coefficients a2, 7 and y™ depend solely on the unperturbed flow field and on
the geometry of the drop. These coefficients can be computed by relatively simple
mathematical operations.

The equation of the interface resulting from the first iteration was given as
follows:

r=a [1 + 3 LS,0, ¢)] , (A3)

where one must keep in mind that L,S (6, ¢) is an abbreviation for 2n + 1 terms,
that is:

L,8,0,¢) = é [L7 cosmep + i;" sin mg] PR (cos ), (A4)
m=0

where P7(cos6) is the associated Legendre polynomial. The coefficients L%
were determined by us previously as follows:
1 1

agu.
Ly} = 2721(49 + 692+ 29+ 3) A + (4¢3 + 692 —4q — 6
a (qz+q_2)q(q+1)1+,1{0[(q+q+q+)+(q+q g—6)1

+:B;zrlue [(4g® + 642+ 29 —3)A+ (49 + 692—4q9)]}, (A5)

with similar expressions for ﬂ;", when 47 and S replace o and S, respectively.

Appendix B. Boundary conditions of deformed drops

Using the transformed boundary conditions (12), with (8) and (10), one can
obtain the boundary conditions of a deformed drop in a convenient form.

First we use a Taylor series expansion to perform a preliminary calculation
which will prove to be useful later. Expand an arbitrary vector A, to be evaluated
at the surface of the drop s in terms of its value on the sphere r = a (indicated by
an asterisk):

[A], = [A]*+[0A/or]*a X L, S, + O(L3). (B1)
q
From (12a,b) we have
[ul,.t, = 0.
Using (8) and (13) one obtains

[u®,.[t,—ZL VS, ]+ ZL,[ug),. [t,—ZLVS,] = 0, (B2)
which, together with the expansion demonstrated in (B 1), yields
u®* ¢+t (u®/or)*a ¥ L,S,~u* T LVS, + T Luk,+0L3) =0, (B3)
q q q
but, since u®*.t, = 0 and since the coefficients L, are independent, the following

results:
Uy = u0* VS — 8§ [rould/or]* = V. (S,u®*). (B4)

Using an analogous procedure for the radial component of the velocity exterior to
the drop, we obtain

Vi = VX, VSQ— S, [rovD*or] = V. (8, Vi), (B5)



272 8. Haber and G. Hetsroni
but since V¥ = g®*,
we readily obtain Vi — Uy = 0. (B6)
In (12¢) the velocity gradients were equated,

V.[v], = V.[u],. (B7)
Expanding [v], in a series similar to (B 1), and recalling (8) and (10), we have

V. [Vl = V.[vO*]+ V. [(rov®[ory* T LS 1+ V (T L,vy) +O(LF),  (BS)

and similarly for V. [u],. Substitutionin (B 7). recalling that v0* = u®* resultsin

ar|* _ 3“(q)r]* _ oV qum*
[77‘] T—ar— —V. Sq r or r or ’ (B9)

where use have been made of the equation
—rV. v = [rovgy/or]*.
The next transformed boundary condition, from (124), is
t,. Vx[vly=1t,.Vx[ul,.
Substitution of (13) yields
(t,— %‘, LYVS).Vx[v], = (t,— § LYS,).V x [ul,,
from which one obtains
r.Vx|[vl,=r.VxJ[ul,. (B10)
Expanding in series and using (8) and (10):
r.Vx[v],=r.Vx{vV],+X L, v}
=r.Vxvy0* +r.qV x [{rov®]or)* 3 L, S 1+ 1.V x (T L,v), (Bll)
and similarly for u, viz. ! !

r.Vxul,=r.Vxu®*+r.Vx[(rou®/or)* T L, S 1+r.Vx (T Lus). (B12)
q q

Substitution of (B11) and (B12) into (B 10), recalling again that v)* = y*
and that the L s are independent, yields

@ ()] *
r.Vx[v(q)—u(q)]*=r.Vx{Sq[r%-—r%’7—] } (B13)
The next transformed boundary condition (12¢) is
1 1
th X [ﬂ(n)]s = tn'V X [T(n)]s+tn'v X l:a- (F +F) tn] 3
1 2
from which one has

t,.Vx [Tl = tn- V x [T(n)]s' (B 14)

Recalling the relations
[“(n )]s = [Tr]s ot = [TI‘]* . (tr_ Z qusq) + [E Lqu(T a“/ar)*] : (tT -2 quSq)
aq aq q
= "‘(1;) -2 LqTI'* . qu +2 Lqu(r a‘":(r)/ar)’l= + O(Lg)’
aq q
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where the stress tensor 1 can be expressed in a manner similar to (10), i.e

™ =m0+ L)
Thus,

[Tl = ®B* + T L, ) — 2 LoD, VS, + 2 L, S(roxBjor)*+O(LZ). (B15)
q q
The normal stress vector inside the droplet T,, evaluated on the surface of the

drop is determined analogously. Substituting the above in the boundary con-
dition (B 14), one obtains

t,.Vx (11:((1;*_1(1)*) ZL VS .Vx (ng;*_.,g_)*)_i_ZL t.Vx (ﬂ(r)(q)—‘r(,.)(q,)
+ Z L,t,.V x [VS,. (® —xD)*]
+2L t,.V x {S,(ron{l}jor —rox{jor)*} + O(L2) =

From boundary condltlon (3¢) we have that
t,. Vxal)* =t.Vxl*,
and, since the coefficients L, are independent, one readily obtains
t,. VX [1h 0 — Tl = Y8, V x [nl* —th*] 4+ t,. V x {V§,. [r® — 70]*}
—t,. Vx {S,[(ronjor) — (roxG)/or)]*}.
The following relation from Hetsroni & Haber (1970},
1 1

ER

together with the boundary conditions of the first iteration yields

- 1{z+ 5 (n2+n—2)LnSn=,
a n=2

mir st =t 2+ 5 @ rn-21L,s,])
n=2
Substitution in the previous equation results in
t.. Vx [n(r)(q)_ T(r)(q)]* = VSQ 22 (’ﬂ2 +n—2) (O-Ln/a) V x (Sntr)
n=

+1,.V x {VS,.[w® —10]*}
—t,..Vx {8 [ron)/or —roxi/or]*}.  (B16)
The last boundary condition was written as (12f),

£,V x{t, x [m)l) =t,. Vx{t, x [T} + 1, Vx{t xt o‘(}; 1%):

where the last term vanishes identically. Therefore, the boundary conditions can
be written as follows:

t,. . Vx{t,x[mpl} =t,. Vx{t, x [Tl (B17)

Expanding inseries, using (B 15) and neglecting terms of O(L3) and higher, one
obtains:

ty X [Tl = txw@* +t,x T LnE o — 3 Lt x n®* VS,
q q
+t, % [X L, S,(ronlor)*¥] — T LV, x wih*.
q q

18 FLM 49
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Further manipulations result in
t,.Vx{t,x[mul} =t,. Vx [t xn*] -2 LVS,.V x [t, x w{l*]
+X Lt . Vx]t, an(";, @]+ 2 LtV x {t, x S [ron) or]*}
- Zq] LtV x (t, x 0%, VS;)I— S Lt . Vx (VS x niy*).
! ‘ (B18)
A similar expression is obtained for the internal normal stress vector ©(,), when
T replaces in (B18).
Substitution of (B 18) into (B17), recalling that
t,. Vx{t,x [rH—td]*} =0
and VSq. Vx {t, x [rf)—tH]*} =0,
yields, after some simplifications:
t,. Vx{t, x [T~ Teml*} = —t,. V x {t, x 8,[r onB or — r o) or]*}
+t,.Vx {t, x [0 —10]* VS }

+1t,.Vx {Vsq x [t,(a/a) (2+ ég (n*+n— 2)Lns(,;3 Jl)

Appendix C. Evaluation of coefficients in the boundary conditions

The boundary conditions of the second iteration were expressed in appendix B
in terms of the known first-iteration solutions of the velocity fields. Now, we plan
to express the boundary conditions in terms of the known coefficients of the
unperturbed flow field, a,, 8, and y,.

First, some preliminary calculations. Substituting (A 1) and (A 2) into (5a) one
obtains the following:

u®* = 531 3,70 % (6,8,) + (Vo +12 0 84) V8,1, (C1)

where the Hebrew letters Gimel, Beth and Aleph are defined as follows:
B, =(@r+l)nn+1)[AMn-1)+n+2], R, =(2n+3)/n(n+1)(1 +/\),}
19, = (21— 1)/n(n+1) (1 +A).

Note that the coefficients 1X,,, 13, and 1), are merely functions of the integers n
and of the ratio between the viscosities A. Thus, the velocity in (C 1) is expressed
in terms of surface harmonics S, the coefficients of the unperturbed field «,, £,
and y,, and the coefficients IX,,, 13,, and 13,,. We now proceed to expressother useful
terms on the same principle.

From (5a) and (A1) and (A 2) and using Euler’s theorem for homogeneous
polynomials, one obtains

v =

r—— = :an [rxP]+ (n—1)VOD +
or n=1

(C2)

n+3

n
2V 1) _ —rp»
2(2”"‘3)/[/11‘ V n rpn }s

(2n+3)4;
(03)
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and a similar expression from (4a) and (A 1) and (A 2) for r(2vV/or). Substitution
and some simplification yield

[ o7 3V(1)] =n$::1 P 7n¥ X (6:8,) + CRa% + 22080 VS,} - (C4)

or or
where %}, = (1-2)(n—1)(2n+1)/n(n+1)[A(n—1)+(n+2)),
W, = (1=-A)(2n+1)(2n+3)/(1+A)n(n+1), (C5)

29 = (1-A)(2n+1) (2n—1)/(1+A) n(n+1).
The radial stress vector inside the drop can be expressed as follows:
202 +4n+3 O
y 20
(n+1)(2n+3) p;

nin+2)
(n+1)(2n+3) p;

o =& 3 {n-1)Vx (ra®) + 20— 1) VO -
2Vp(l)} (C6)

from which, similar to (C4), the following is obtained:

81-(,) o 3 { n(2n?+4n+ 3)
—1)2 (1) _ -9 ay_ N - (1)
B Tn ) (r—1)2V x (r¥?) +2(n—1) (n—2) VO] mr )@t
n3(n +2) 4 }
Vol 7
(n+1)(2n+3) Pn ©7)
In an analogous procedure to (C5), we get
(1) 17 w0
[ PO Ll § (T x (84 (Raa+720) 95, + (coe ),
r or a 521
(C8)
where

3, = (n=1) (n+2) @n+1) (1= A)/n(n+ 1) [A(n—1) +n+2),
3N, = [(2n+3)/n(n+1) (1 +A)][2n(n + 2) — A(6n% + 4n —1)], (C9)
39, = [(2n—1)/n(n+1) (1 +A)] [2(n?— 1) — A(6n2+ 8n + 1)1,
and (coeff) is an undefined coefficient of the unit vector t,. This coefficient turns

out to be insignificant, as shown in these calculations:
The well-known expression for the stress tensor T is

T = —pd+p[Vu+ (Vu)T], (C10)

where 1 is the idem tensor. Using the known expressions for the components of
the stress tensor, combined with the boundary conditions imposed on the first
iteration, one obtains

(e — 1) = — (p0 = p) T+ (1/a) (1= 1) [T + (Fu®¥)7]
+ [tensorial components of t,t,, t,t,, tot,, t;t, t, .}, (C11)
where I = 1— t,t, and where the expression in the second brackets does not con-

tribute to further computation.

18-2
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Substituting Hetsroni & Haber’s (1970) solution for the first iteration fields of
u®, p? and p, i.e. (Cl (6b) and (4b), into (C11) one obtains

(T )% — /‘8(1 A {1;nyn[VV>< (t,8,)+ V¥ x (£,8,)7]

2n+3

+ 2Rty +13,8,) V98 }+'#e P { n(n+1)(1+A)

[A(4n?+2n+1)—2(n+1)]e,

21 —1

tensorial components of
n2 4
+n(n+1)(1+A)[A(4n 00+ Hzn]ﬂ"}S"Jr( )

t,t, 1.ty tyt,, t,t,, T8,
(€12)
Substituting (C1), (C4), (C8) and (C12) into the transformed boundary con-
ditions of the second iteration, one obtains, after some laborious calculations,
the following expressions:
af" = VY P+ (Rt +13,8,) [ " —nin+1)g¢ "],
bf" = =2, VS — (Rt + 22, Bn) [RE " —n(n + 1) g2"],
¢b™ =2, Yauln(n+ 1) g8 " — B ]+ (R o + 22, B0,
d" = (1=-2) 8,7 JT" +2(1 = A) (R 2n + 120 Bu) KT
+2n(n+1) (1 = A) 'Ry ap + 12, 8,117 = 22p Valn(n+ Dgi " — k"] ) (C13)
— (R 0y + 22, 8)fE",
ep™ = =3, Y [ = CRu %y +32,8,) [BE" —n(n + 1)gf "]
+(1=2) 8, Yumd™ +2(1 = A) Ry, + 12, 8,) 1"
—2(1=2) (n+ 1) [*Ratn + 12, 8,1 [AF " — qlg + 1) g2 "),
where f#7, g, h&", k™, 2™ and j%™ are defined by the following equation :
n+q

S8, = X g8,

i=0orl

n+
V8,98, = 5 WpnS,

t=0orl

698, %98, = 3 fons,

i=0orl
6. Vx (8, 998,) = 3 kS, (C14)
i=0orl
V.(98,998,) = > 1ns,
i=0orl
V08, (VX 6.8)+ (T x .8 = 3 me»s,
i=0orl

6.9 x (78, (VT £,8,)+ (T, 8,7} = 'S joms,

t=0o0r1l

Here too we recall that S , for example, is an abbreviation for 2 + 1 expressions
of the form

sin
osmng;" (m=0,1,...,9).
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Hence, the product S, S, symbolizes the product

sin sin m=0,1,...,9);
Pm Pp ’ ’ ’
cosxm¢ g cosp¢ "} {(p=0,1,...,n);
thus, the coefficients g%, h%", etc. are functions of ¢, g, n as well as the indices
p and n.
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